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Abstract 

We derive the one loop mixing matrix for anomalous dimensions in A/" = 4 Super 
Yang-Mills. We show that this matrix can be identified with the Hamiltonian of an 
integrable 5*0 (6) spin chain with vector sites. We then use the Bethe ansatz to find 
a recipe for computing anomalous dimensions for a wide range of operators. We give 
exact results for BMN operators with two impurities and results up to and including first 
order 1/J corrections for BMN operators with many impurities. We then use a result 
of Reshetikhin's to find the exact one- loop anomalous dimension for an SO{Q) singlet in 
the limit of large bare dimension. We also show that this last anomalous dimension is 
proportional to the square root of the string level in the weak coupling limit. 
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1 Introduction 



One of the main results of the AdS / CFT correspondence is that individual string states 
are mapped to local gauge-invariant operators in a dual field theory PQ 121 E] • But even in 
the most well understood case of A/" = 4 Super Yang-Mills (SYM) this mapping is only 
known for a small subset of the operators. The difficulty in making this mapping explicit 
is two-fold: i) String quantization on an AdS^ x background is still unsolved, ii) The 
spectrum of gauge invariant operators is somewhat difficult to compute. 

Previously, it was known that the chiral primaries in the gauge theory are dual to 
the string states that survive the supergravity limit. More recently it was realized how 
to go beyond the chiral primaries by considering operators with large i?-charges, J 
On the string side this corresponds to semiclassical states with large angular momentum 
on the S^. For such states, the AdS^ x geometry essentially reduces via a Penrose 
limit to a plane wave geometry IHl EI- String theory on the plane wave background is 
solvable [HI E] and an identification can be made between the string states and the gauge 
invariant operators. The string quantization on the plane wave is simple enough, at least 
in the light-cone gauge, where all string states are generated by an infinite set of creation 
operators similar to those in fiat space |Hl E] • 

Amazingly, the operators dual to each of the eigenstates of the light-cone string Hamil- 
tonian can be identified. These (BMN) operators are 

|0;J) tiZ-\ 

<VJ|0;J) ^ ^ e^-^'^Z-'tr^.Z'^.Z-'-', 

I 

and so on. Here, $j, i = 1, . . . , 6 are the six scalar fields of A/" = 4 SYM in the adjoint 
representation of SU{N), and Z = $i + i$2- The BMN operators have charge J under 
the generator of the R symmetry group, which rotates $i into $2- On the string side, J 
is essentially the length of the string on the light-cone. The chain of Zs can be regarded 
as a field-theory realization of the string, which emerges as a compound of J constituents, 
much in the spirit of the string- bit models ^U]. String excitations are represented by 
impurities inserted in the chain 

String theory makes a prediction for the anomalous dimensions of the BMN operators 
at any value of the Yang- Mills coupling in the large- A^ limit, by equating the mass of a 
string state with the full dimension of an operator [4 . This prediction can be verified by 
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explicit perturbative calculations |31 El E] ■ Furthermore, one can incorporate stringy 
corrections in the effective string coupling J"^ /N and compare the results of the string 
calculations with the gauge theory computations |T31 CH CS] , [T^ 

Inverting the logic we can say that by resolving the mixing of operators with two or 
more impurities, order by order in perturbation theory, one can reconstruct the string 
spectrum by computing the anomalous dimensions of operators. We will follow this logic 
in an attempt to better understand the operator /string correpondence for a wider class 
of string states, including those states that are outside of the semiclassical regime [SH] . 
These states would correspond to operators made of scalar fields and with high engineering 
dimension but in low representations of 5*0(6). 

In this paper we will consider mixing of generic scalar operators tr . . . to one- 
loop order in SYM perturbation theory. The problem appears difficult, not only because 
the number of operators grows rapidly with L (roughly as 6^), but also because the 
operators mix in a way which at first sight seems hopelessly entangled. However, we 
are able to make progress in solving this problem by establishing an equivalence of the 
mixing matrix with the Hamiltonian of a certain integrable spin chain. This equivalence 
will allow us to use powerful techniques of the algebraic Bethe ansatz IHHl 1111 HO] to 
diagonalize the mixing matrix. In particular, we will find that the problem of finding the 
one-loop anomalous dimensions comes down to solving a set of Bethe equations. 

Among the results contained in this paper, we are able to reproduce easily recent 
results IH] for the one loop anomalous dimensions of BMN operators with two impurities. 
We then extend these results to a large class of BMN operators with more than two 
impurities. We are able to identify BMN states with the corresponding Bethe states, where 
among other things, we show that a "bound state" containing M Bethe roots extending 
into the complex plane corresponds to having string states with M identical oscillators. 
We also give a recipe for finding 1/ J corrections to the anomalous dimensions including 
the explicit results for the first order corrections. These corrections are important since 
they correspond to curvature corrections away from the plane-wave background in the full 

Ads^ X 5^ gaiisiiii- 

We then go beyond the BMN limit in two explicit examples. The first example cor- 
responds to an SO{Q) singlet made up of L scalar fields. In the large L limit this can be 
solved explicitly 53 , and in fact corresponds to the operator made up only of scalars that 
has the largest anomalous dimension for bare dimension L. We find the anomalous dimen- 
sion and demonstrate that it is linear in L. We also argue that the string level behaves 



3 



roughly as L^, so the full dimension of the operator is proportional to the square-root of 
the level, a result that follows from AdS string theory in strong coupling for generic op- 
erators |2]. The second example is the direct analog of the Heisenberg anti-ferromagnet, 
where we also find the anomalous dimension and show that it is linear in L. We also 
show how to put in "holes" on these states and explicitly compute the changes in the 
anomalous dimensions coming from the holes. The holes can be either 5*0 (6) vectors or 
one of the SO{Q) spinors. 

Integrable structures have previously appeared in string theory for generalizations of 
the plane- wave background ^| |3H|- It is not clear if there is a relation between this 
integrability and the integrability discussed in this paper. But it might indicate that the 
integrability encountered here is not accidental but is a manifestation of some general 
principle yet to be found. We should also mention that integrable spin chains arise in 
perturbative analysis of Regge scattering in large-A^ QCD and Bethe ansatz techniques 
were extensively applied there jlHl EHl 1121 HH] • 

In section 2 we derive the one loop mixing matrix for all scalar operators. In section 
3 we use this matrix to compute the anomalous dimensions for a few simple examples. In 
section 4 we give a brief review of Reshetikhin's proof of integrability for the 5*0 (6) vector 
chain and his solution for the eigenvalues of the transfer matrix in terms of Bethe roots, 
along with the Bethe equations the roots must satisfy. In section 5 we use the results from 
the previous section to compute the anomalous dimensions for two impurities to all orders 
in 1/J and for many impurities to first order in 1/J. In section 6 we describe solutions 
to the Bethe equations |45^ which correspond to operators outside the BMN limit. We 
compute the anomalous dimensions for these operators and for nearby operators. In 
section 7 we give our conclusions. 

2 Anomalous dimensions from the spin system 

We will study one-loop renormalization for all scalar operators without derivatives: 

OfV'] =^*"-'^tr$i,...$,^. (2.1) 

Many interesting operators in N=4 SYM, notably chiral primary and BMN operators, 
belong to this class. In general, the scalar operators (j2.ip mix under renormalization. 
There is a distinguished basis, in which operators are multiplicatively renormalizable. 
It is important that up to possible degeneracies, rotations to this basis will diagonalize 
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the two-point correlation functions. As far as one-loop renormalization is concerned, the 
scalar operators will mix only among themselves. Mixing with other operators should 
occur at higher orders in perturbation theory. 

Renormalized operators in general are linear combinations of bare operators. If we 
choose the particular operator basis, 

Oi^ = Z\0^ (2.2) 

then we can find the renormalization factor by requiring finitness of the correlation func- 
tion 

'Zl/'^,,ix,) . . . Z'J'^,,{xl) . (2.3) 

Here, Z<j, is the wave-function renormalization factor, that is multiplication by makes 
the two-point correlator finite. All renormalization factors depend on the UV 

cutoff A and on the 't Hooft coupling in the large-A^ limit. By standard arguments, the 
renormalization factor determines the matrix of anomalous dimensions through 

Eigenvectors of F correspond to operators which are multiplicatively renormalizable. The 
corresponding eigenvalues determine the anomalous dimensions of these operators. Thus, 

iOMO^iy)) = ^^^P^ (2.5) 

for the operator that corresponds to an eigenvector of F with an eigenvalue 7^. 

How should one characterize the Hilbert space^ of scalar operators of bare dimension 
L? Let us forget for a moment the cyclicity of the trace. Then in the natural basis 1)2.11) 
each operator is associated with an SO (6) tensor with L indices. Such tensors form a 
6^-dimensional linear space TC = Vi<^. . . <S)Vl, where = is associated with an S0{6) 
index in the Ith position in ip^^---'^i--^L _ anomalous dimensions are thus eigenvalues 

of a 6^ X 6^ matrix. It will prove extremely useful to regard Ti as a Hilbert space of a 
spin system. That is, let us consider a one-dimensional lattice with L sites whose ends 
are identified and let each lattice site host a six- dimensional real vector. The space of 
states for such a spin system is isomorphic to Ti. The matrix of anomalous dimensions 
is a Hermitean operator in Ti and can be regarded as a Hamiltonian of the spin system. 

^We shall call it a Hilbert space, even though it is finite-dimensional. 
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Recalling that wave functions which differ by a cyclic permutation of indices correspond 
to the same operator, we should impose the constraint that physical states have zero total 
momentum: 

U\^P) = \^P), (2.6) 

where U is the translation operator 

[/ ai (g) . . . (g) ttL-i ® = aL ® ai (g) . . . (g) Ul-i- (2.7) 

In the strict large- limit, all operators ()2.1|) are independent and there are no other 
constraints. 

With the spin system interpretation in mind, let us compute the matrix of anomalous 
dimensions at one loop. The renormalization of BMN operators with two impurities 
was extensively discussed, so the essential pieces of the calculation for the anomalous 
dimensions are present throughout the literature (e.g. jHEJElEl)- We will therefore 
skip many details and give only salient features of the derivation, generalizing to arbitrary 
scalar operators. We use the standard Feynman rules which follow from the Euclidean 
SYM action: 

5 = ^ y d^a; tr |i F^^ + {D,<i>,f - i [$„ <l>,f + fermionsj , (2.8) 

and we will work in the Feynman gauge, in which the scalar and the gauge boson propa- 
gators are equal, up to Lorentz and SO (6) structures. 




a b c 

Figure 1: One-loop diagrams. 

There are three types of planar one-loop diagrams that contribute to the correlation 
function (j2.3|) (fig. Hj). We depict the operator 0[ip] by a horizontal bar with scalar 
propagators ending on each of the scalar fields {i.e. lattice sites) in the operator ()2.1|) . 
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Only lattice sites affected by loop corrections are shown in the figure. Since the gauge 
boson exchange is flavor-blind, the Z factor associated with diagram (a) is diagonal in 
5*0(6) indices: 

^(a)...ia<+i... In A 5f5f+\ 

The 5*0(6) structure of the Z factor arising from diagram (b) can be easily inferred from 
the structure of the quartic scalar vertex: 





Thus we find that 

167r V +-•- +-■- ''''+1 

The one-loop self-energy correction in diagram (c) leads to the wave-function renor- 
malization. The corresponding renormalization factor was computed in Feynman gauge 
and is given by 

= 1 + -^ InA. 

One half of the self-energy corrections in the correlation function ()2.3|) are cancelled by 
wave-function renormalization of the external legs. The remaining divergence should be 
cancelled by renormalization of the operator. The corresponding Z factor is proportional 
to the unit matrix, and can be written as 

^(c)..^^,+i... ^ A 

Adding all the pieces together, we find that the contribution from each link of the lattice 
is 

Z-{f+'- = 1+ ^ In A ( 5,,i,^, 5''^'+' + 25Hf+' - 25f +Mf ) . (2.9) 

■■■HH+i--- 167r V ' ' '+1 I '+1 / 

The total Z factor is the product over all links of the expression in (j2.9|) . 

The matrix of anomalous dimensions can be expressed in terms of two elemtary oper- 
ators which act on each link: the trace operator, 

Kis:: = Kh,,5='''^\ (2.10) 
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and the permutation operator: 



pJlJl+l _ ir]l+ldi 



(2.11) 



These operators act in the tensor product 

Ka®b = (a ■ 6) ^ 

i 

P a®h = h® a. 



as 



e^®e*, 



(2.12) 



where e* are a set of orthogonal unit vectors in R^. The matrix of anomalous dimensions 
is 

A 



(2.13) 



1=1 



where the subscripts indicate that the operators act in the tensor product of nearest- 
neighbor spins Vi ® VJ+i. By introducing the spin operators 



ab 



5^5] - S]5': 



(2.14) 



for each lattice site, we can rewrite the Hamiltonian in the form in which spin-spin inter- 
actions are manifest: 



A 



IGtt' 



1=1 >- 



(2.15) 



The result in ()2.13|) for the matrix of anomalous dimensions in the form of a Hamil- 
tonian of a spin system is the main result of this section. 



3 Examples 

The Hamiltonian in ()2.13|) posesses some remarkable properties. We will see in the next 
section that it belongs to a unique series of integrable spin chains with SO{n) symmetry. 
For an arbitrary SO{n) spin chain, integrability requires that the ratio of coefficients 
between the permutation operator and the trace operator is —{n/2 — 1). For S'0(6), 
this ratio is —2, precisely matching the ratio in ()2.13|) ! Integrability allows one to use 
powerful techniques of the Bethe ansatz to diagonalize the Hamiltonian and compute its 
eigenvalues. The review of the Bethe ansatz for the SO{Q) spin chain is given in the next 
section. 
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Since the Bethe ansatz utilizes rather sophisticated algebraic constructions, we would 
first like to demonstrate the formalism by rederiving known results for some of the simpler 
operators before invoking the Bethe ansatz machinery. 

The simplest and most important scalar operators in N=4 SYM are chiral primaries, 
operators which are symmetric and traceless in all 5*0(6) indices. Chiral primaries are 
annihilated by the trace operator K in ()2.10j) and are eigenstates of the permutation 
operator with an eigenvalue one. Therefore, 



r \CPO) = 0, 



(3.1) 



which reflects the fact that scaling dimensions of chiral primaries are protected by super- 
symmetry and should not receive quantum corrections. 
Another interesting operator is the Konishi scalar. 



KO = tr . 



(3.2) 



It is also invariant under permutations, but now the trace operator acts non-trivially: 
K \ K0) = 6 \ K0). The Konishi operator corresponds to the lattice with two sites. Each 
link between the lattice sites gives an equal contribution to the anomalous dimension, so 



T\KO) 



3A 
4^ 



\K0) 



(3.3) 



in agreement with the calculation of [H^ . 

Consider now BMN operators with two impurities: 



1=0 



(3.4) 



The spin-chain Hamiltonian acts on such operators as a lattice Schrodinger operator with 
6' potential: 



A 



47r2 



i^i+i + tpi-i -2^)1 + ]^ {Sio - Sij) {tpo - ^j) 



(3.5) 



The exact (multiplicatively renormalizable at any J) BMN operators with two impurities 
were recently found by Biesert His operators correspond to taking 



cos 



'{21 + l)mi' 
J+1 



(3.6) 
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for states which are symmetric under interchange of i and j, and 

'2{l + l)7m' 



I A 

ipi = sm 



J + 2 



(3.7) 



for antisymmetric states. It is straightforward to check that the above states are eigen- 
functions of F with eigenvalues 



s • 2 

7n = — sm 



and 



7r, 



A 



sm 



nn 



J + l 



7m 



(3.8) 



(3.9) 



As explained in |41j, symmetric and antisymmetric operators with the same J belong to 
different supermultiplets and for that reason their anomalous dimensions are different. 
Finally, there are singlet BMN operators of the form: 



= ^(j)i ^tr$iZ'<l>iZ^"' -xtrZZ-'+^ 



(3.10) 



1=0 i=3 

The matrix of anomalous dimensions acts on these operators as 



mi 



A 



47r2 
A 



(pl+l + 4)1-1 - 20; - ^ {5lQ + 5lj) (00 + 0J - X) 

/'o + 0J - X)- 



(3.11) 



This is a Schrodinger operator with a self-consistent source and a repulsive (5-function 
potential. Note that the source and the potential come from the trace term in the spin- 
chain Hamiltonian. Operators constructed in jJTj correspond to the wave functions 



cos 



X 



2 cos 



(2/ + 3)7™ 
J + 3 



J + 3 



(3.12) 



It is easy to check that they are eigenf unctions of the Hamiltonian with eigenvalues 



7n = ^ sm 



J + 3 



(3.13) 



in agreement with the anomalous dimensions computed in 
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4 A short review of the Bethe ansatz equations 



In this section we review the Yang-Baxter equation, the construction of commuting oper- 
ators and the Bethe- ansatz for an SO{n) chain where all sites in the chain transform in 
the vector representation^. 

In order to find an integrable system, one needs to construct an i?-matrix. An R- 
matrix Ri2{u) acts on a tensor product of two n dimensional vector spaces, Vi ® V2. The 
parameter u is the spectral parameter and the matrix elements are explicitly given by 
RuiuYj^^j^- The transfer matrix T{u) is constructed from the i?-matrix as 

T{u) = Roiiu)Ro2iu)Ro3iu)...RoLiu). (4.1) 

Here, the transfer matrix acts on the tensor product of L + 1 n-dimensional vector spaces. 
The sites on the chain are numbered from 1 to L while the space Vq is an auxilary space. 
One can think of T{u) as a matrix of operators that act on the L sites of the chain, with 
the different matrix elements given by T^^jf^u). 

If a system is integrable, then the i?-matrix satisfies the Yang-Baxter equation 

Ri2{u)Ru{u + v)R2M = R23{v)Ri3{u + v)Ru{u) (4.2) 

where the three i?-matrices act on the tensor product of three n-dimensional vector spaces. 
Given the Yang-Baxter equation, one can find the corresponding relation for a product 
of transfer matrices 

Rabiu - v)Taiu)Tb{v) = Tb{v)Ta{u) Rab{u - v) (4.3) 

where the indices a and b refer to two different auxiliary spaces, but the transfer matrices 
act on the same chain of L sites. Writing the components of the auxiliary spaces explicitly, 
(|4.3|) becomes 

Taking the trace on the Va ® H tensor space, we get 

Tr,(r,(M)) Tr,(r,(t;)) = Tr;,(r,(t;)) Tr„(T„(M)), (4.5) 

and since the auxiliary spaces are traced over, we can drop the labels a and h and write 

[Tr(T(M)),Tr(r(t;))] = (4.6) 
§For a nice explanation of the Yang-Baxter equation and the algebraic Bethe ansatz see |56| . 
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for all u and v. For the case that we will be considering it will turn out that these traces 
are order 2L polynomials in the spectral parameter, hence the Yang-Baxter equation 
implies that there are up to 2L independent operators that are mutually commuting. 
Consider then the i?-matrix acting on Vi ® V2 

R12 = ^^[u{2u + 2- n)h2 - (2m + 2 - n)Pi2 + 2mKi2], (4.7) 

where /12, -P12 and K12 are the identity, exchange and trace operators defined in the pre- 
vious section. This i?-matrix satisfies the Yang-Baxter equation |39| l4Uj. The verification 
for this is straightforward, but tedious. 

Clearly, the transfer matrices will be polynomials of order 2L in m, which we write as 

T(n) = 5^M™T^. (4.8) 

m 

The traces we write as 

t(M) = Tr(r(M)) = 5^Mn„ (4.9) 

m 

Let us find the first few terms in the expansion. Since -Ri2(0) = P12, the lowest order 
term in the expansion is 

L 

To = \{Poi. (4.10) 

Hence the action of this operator on the tensor product of the L + 1 vector spaces is 

TqVq ®Vi® ... O Vl-1 ®Vl = Vi®V2® ... ®Vl® Vq. (4.11) 

If we now take the trace over the Vq space, we have that 

to VI ® ... ® Vl-1 ® 14 = 1^2 ® ••• ® Vl ® Vi. (4.12) 

Hence to is the discrete shift operator, the operator that shifts everything by one site. 
We already encountered this operator in imposing the cyclicity of the trace on the SYM 
operators. 

The next term in ()4.8|) is found by replacing one Pqi operator in ()4.im) with 

-loe - -^Poe + -^K,, (4.13) 
n — 2 n — 2 
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and summing over all positions I. The contribution from Pqi will just give us the shift 
operator again. To find the contributions of the other operators, note that 

Tro(n^o'^ n ^ofc) =toPAm (4.14) 

and 

Tro ( n ^ofc^o^ n ^ofe ) = toK,^i+i- (4.15) 
Hence we find that ti is given by 

Since ti and to are among a set of commuting operators and since we are free to add a 
constant, we see that 

Y,{K,,^i + ^ - (4.17) 

1=1 

also commutes with these operators. 

If we now consider the particular case of 50(6), we see that ()4.17|) is proportional to 
the anomalous dimension operator in (j2.4j) ! Therefore, the one-loop anomalous dimension 
operator described in the previous section can be mapped to a Hamiltonian of an integrable 
system. 

Showing that a Hamiltonian is part of an integrable system is only part of the story. We 
also want to find the eigenstates and the eigenvalues of t{u) = TrT(u). In the Heisenberg 
spin chain, this is done most efficiently by using the algebraic Bethe ansatz. One can use 
the algebraic Bethe ansatz for the SO{n) chain as well [SZlEHl- However, as was shown 
by Reshetikhin [221 Enj; there is another way to find the eigenvalues of t{u) which are 
constrained by a series of Bethe equations. 

Let us give a brief sketch of Reshetikhin's argument. The first thing to observe is that 
the i?-matrix in ()4.7|) has a crossing symmetry 

n — 9 

{R,,(u)f- = R,,(-u + ^), (4.18) 

where T2 signifies a transpose on V2 only. Assuming that u is real, it is then straightforward 
to show that 

n — 9 

^t{u)y = t{-u + ^—). (4.19) 
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Hence, the eigenvalues A(m) of t{u) satisfy 

— n — 2 

A{u)=A{-u + ^). (4.20) 
Next consider the combination of i?-matrices 

71 — 9 71 — 9 71 — 9 

R,,(^—)R,,(u + ^—)R,,(u) = KuRisiu + ^—)R,,{u). (4.21) 



If we define as tlie orthogonal complement to the trace operator, then by the Yang- 
Baxter equation we have that 



KuRisiu + {n- 2)/2)R2^{u)Ki^ = 0. 



(4.22) 



This means that i?i3(M + ^^)i?23 (m) can be written in lower triangular form on the Vi ® V2 
space, where the upper left block corresponds to the operator Ki2Ri2,{u + ^^^)R2z{u)Ki2 
and the right lower block to K^Ri^^u + ^^)R23{u)K^ 
We next note that 

77—2 



Rl3iu + 



ilk 



{n-2f 

where only the k index is summed over and where 



(4«2 -{n- 2)2)(A^^V. + n'B^-^,,,) + Au'C^- 



(4.23) 



^ hi 



One can then show by using the independence of on ji that 



ji 



Finally, we note that 



r? — 2 
2 j^k 



ii 7^ ^2 



(4.24) 



(4.25) 



(4.26) 



Putting together the relations in (j4.22|) - (j4.26|) and using the relation in (j4.2U|) . one 
can then show that 

1 



A(m)A(-m) 



(n-2) 



2L 



{u" - 1)^(4^2 -in- 2ff + M^A,(n) 



(4.27) 
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where Ar{u) is a remainder term that is yet to be determined. The relation in ()4.27|) is 
highly constraining. As was shown by Reshetikhin [SHI EDI; its solution is 



A(n) 



1 



in-2y 



+ u^{2u-n + 2)^G{u) 



(4.28) 



where in order to satisfy (j4.27|) and crossing symmetry 



H{u)H{-u) 
^/ n-2^ 



A solution for the first of these equations is 



ni 



H{u) = n 



u 



1 

Hiu) 
G{u). 



iuij + 1/2 



(4.29) 



^ M — iuij — 1/2 



(4.30) 



where the number rii and the possible values ui^m will depend on the particular eigenstate. 
If ui^m is complex, then its conjugate must also be contained in the product. 
The function G{u) will be written as a sum 



n-2 



G{u) = J2G,i 

9=1 



U 



where 



Gn-l-qi-U + 



n 



Gq{u) 



Let us assume that n = 2k. Then the various Gq{u) are given by 



(4.31) 



(4.32) 



G,{u) 



Gk-2{u) 



Gk-i{u) 



n 



U — lU. 



<1,3 



q/2 



U — lUa 
j = l 1 

nfc-2 



u - iuq+ij - q/2 + 1/2 
,j - 9/2 jj^ u - tUq+ij - q/2 - 1/2 



u — iuk-2,j — k/2 u — iuk-ij — k/2 + 3/2 



n 



k/2 + 1 -'-j^ u — iuk-ij — k/2 + 1/2 u — iukj 



n 



1 < q < k 
u — iukj - 



k/2 + 3/2 



u — iuk-ij — k/2 + 3/2 u — iukj — k/2 + 1/2 



n 



u 



iuk-i,j -k/2 + l/2jJ^u- iuk,j - k/2 + 1/2 



k/2 + 1/2 
(4.33) 
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However, the eigenvalues must be a polynomial in m, but given the structure of the 
above functions, it appears that A{u) will have poles at m = iug^m for all of the various 
values of q and m. Hence, there has to be intricate relations between the different values 
Uq^rn in Order that the poles cancel. The relations were derived in (HHl 1101 ^'^^ given 

by 



+ i/2 \ _ T-j- - uij + i T-j- ui^i - U2,j -i/2 
Ui^i -i/2) -LJ: ui^i - Ml J - i J-.J- Ml j - U2j + i/2 

riq . ng_i . n.q+i 



^ TT '^q,i ~ ""g.i + ^ TT '^q,i ~ ^9-1 J - "^/^ TT - ^g+i.j - 1 < g < A; - 2 

ii . _ . _ ii . _ _|_ Mg^j — Mg-lJ + V2 



-LI Mfc-2,i - Mfc-2,j - i Uk-2,i - Uk-3,j + i/2 

^ -TT Uk-2,i - ^fc-l,j - i/2 yr Uk-2,i " ^fcj - i/2 

Uk~2,i - Uk-i,j + i/2 Uk-2.i - Uk,j + i/2 

Y-W - ^fc-l,j + ^ -TT Mfc-l,i - Mfc-2,j - V2 

J: Ufc_i,i - Mfc_ij - i J-.J- Ufc_i,i - Ufc-2,j + i/2 

^ _ -TT uu-i - Uk,j + i -TT Uk,i - Uk^2j - i/2 
Uk,i - Uk,j -i Uk,i - Uk-2,j + i/2 

These are the analogs of the Bethe equations for the Heisenberg spin chain [SZj, and the 
solutions are often called the Bethe roots. It was subsequently shown, that these series 
of equations can be generalized to arbitrary groups in different representations jSHl- The 
generalized equations are given by 

Uq,i + • w/2 \ ^ _ Uq^i - UgJ + idq ■ OLq/2 "TT TT" " Mg'j + iOLq ■ OLq' /2 



U. 



-iaq-w/2) Uq^i - UqJ - idq ■ dq/2 i-i- Uq^i - Uq' J + idq ■ dq'/2 



The different parameters Uq^i are associated with the simple roots of the Lie group a^, and 
the factor on the left hand side of the equations depend on the maximum weight of the 
representation, w. In the case of SO {2k) in the vector representation, we see that ()4.34|1 
has the form in ()4.35|) . Finally, for the particular case of 5*0(6) where k — 2 = 1, the first 
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equation in ()4.34|) is modified to^ 
The other two equations read 

^ _ TT ^2,^ - '»2,i + ^ TT- ^2,^ - ^IJ - V 2 
■^r M2,j - M2,i - i M2,j - + ^2 

y Ms.i - Ms.i M3,i - Ml J + V2 ' 

Now from ()4.28|) and ()4.30|) we can find the eigenvalues of the shift operator and the 
Hamiltonian. The eigenvalues of the shift operator are 

"1 I ■ /9 

A(0) = i/(0) = n^^^4^- (4.38) 
Hence the momenta of the eigenstates is 

"1 _|_ • Icy "1 

P = -2log(A(0)) = -z^log "^'^^'; = Y^piu,,). (4.39) 
The corresponding energies are found from the eigenvalues of ti, Ai, which are 



ft 

-L iJ(0). (4.40) 



Using ()4.16p and ()4.17p . we see that the energy eigenvalues are 



n-2 d 



n-2 



"1 



^= 277(0) 

where 

.,„)._i-,(„)^4.„^(--|^))^-^. (4.42) 

Hence the parameters Ui^i are rapidity parameters for particle like excitations of the ground 
state. 

Thus, specializing to 5*0(6) and using p.4|l . ()4.17|1 and ()4.41|1 . we find that the corre- 
sponding anomalous dimension is 

7 = ^E<-m). (4.43) 



^The simple roots of 5*0(6) are q?i = (1, —1,0), — (0, 1, —1), as — (0, 1, 1), and the weight of the 
vector representation is it; = (1,0, 0). 
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5 Applying the Bethe ansatz 



In this section we apply the results of the previous sections to many different scenarios. 
Sometimes we will reduce our space of operators to those involving just Z and W scalar 
fields". In this case our problem is basically reduced to a Heisenberg spin chain. Includ- 
ing other fields complicates the problem somewhat, but we are still able to make many 
statements about the eigenvalues. 

As we saw in the previous section, the 50(6) chain has three types of excitations, 
with each type associated with one of the simple roots of the S'0(6) Dynkin diagram. 
Those associated with a\ are on a somewhat different footing than those associated with 

and 0^3, since only the a\ excitations carry momentum and energy. However, the other 
two types of excitations can indirectly affect the energy of the state by modifying the u\ 
rapidities. 

If we were to limit ourselves to only u\ excitations, then we see that the Bethe ansatz 
equations in (j4.36|) reduce to that of the ordinary Heisenberg spin chain. For this case, 
the different lattice sites can have one of two values (spin up or down). The Heisenberg 
spin chain has no trace term either, so the corresponding situation for the operator chains 
is to have two types of fields where the trace term does not contribute. So for example, 
we could have chains made up of Z and W terms only. If we call the ground state trZ"', 
then the particle excitations with rapidities U\^i create W operators in the chain. Another 
way to see this is that the Z field is the highest weight in the vector representation of 
S'0(6), which we write as \x\ = (1,0,0). Subtracting an di = (1,-1,0) root then gives 
(0, 1, 0) which corresponds to the W field. 

Now suppose that we were to try and create U2 and excitations without any ui 
excitations. It is not too hard to see from the Bethe equations that this is not possible. 
This is clear from the perspective of the group representations as well, since fli — 6l2 and 
/ii — as are not S'0(6) weights. However /ii — ai — 0.2 and — d\ — 6l2 are weights, so 
given some u\ excitations, it is possible to have U2 and M3 excitations. 

We should also note that our 5*0(6) lattice chain appears in a trace, which means 
that the corresponding wave functions are invariant under translation. Hence the total 

"it is useful to combine six real fields into three complex scalars: Z = $1 + i<f'2, = $3 + z<i>4, 
y = $5 + i<f>6i which can be regarded as lowest components of three chiral superfields in the M — \ 
formalism. 
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momentum is zero. So in all considerations we require the trace condition for the ui^i 



1=1 



5.1 Two impurities 

We first consider the case of two impurities, that is two ui excitations, which we label 
as Ui^i and Mi, 2- We need at least two impurities if we want to have excitations with 
non-zero momentum, but with zero total momentum to satisfy the trace condition. With 
two impurities the bare dimension exceeds the R charge by two units: L = J + 2. From 
flO^ we have that 

+ + = 1. (5.2) 

ui^i — 1/2 2 — i/2 

Recalling that M1.2 = u\ i unless they are both real, we see that the only solutions have 
u\^2 = — Mi,i with both values real. Now using ()4.3fj|l . we find 



Ui^i + i/2\^ 2^1,1 + i 



Ml,! — i/2 J 2ui 



(5.3) 



and so we find that 



and from (jO^ 



, , 2?™ 27™ , ^, 

pM = — = — (5.4) 



Therefore, using ()4.42p and ()4.43|) the anomalous dimension for this configuration is 

qA6 — 2 ..Anvm ,, 

which agrees with the result in ()3.8|) . With no U2 or excitations, the impurities are 
both W^s and so their representation is symmetric traceless. 

On top of the ui impurities, we can also add up to one each of the U2 and M3 impurities 
in a nontrivial way. Putting in a U2 impurity, we see that ()5.2j) is unchanged, so Mi,i = 
—Ml, 2. Using ()4.37|) . we also have that 

M2 - Mi,i - z/2m2 + Mi,i - i/2 

1 = ; — . (5.7) 

U2 - Ui i + I 2 M2 + Ml 1 + I 2 
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The only solutions to this are U2 = oo and U2 = 0. The first case is the trivial solution in 
that it gives us the same anomalous dimension as before. This corresponds to having a 
W and a y in the symmetric representation. Taking the second solution and plugging it 
into (|4.36|) . we find that 

27rn 27m 

P*^""' = — = 7T2- f^-^' 

and the anomalous dimension is 

A \ r. Tin 

the result previously given in ()3.9|) . This then is the antisymmetric combination of W 
and Y . This is part of the self-dual representation of the SO {4) subgroup. 

If we now also add a M3 impurity, then M3 has an equation identical to that for U2 in 
()5.7|) . If there is no U2 impurity, then the anomalous dimension is the same as in ()5.9|) . 
This is part of the anti-selfdual representation of S'0(4). With both types of impurities, 
the nontrivial solutions then have U2 = M3 = and so ()4.36p gives 

.KO^^^I^, (.10, 

and the anomalous dimension is 

A 2 

In = — sm — — , 5.11 

TC^ J + 3 

the result previously given in ()3.13|) . Notice that —02 takes W to Y and —a^ takes the 
W to Y. But we also have that — a2 — takes to and that —2ai — 02 — «3 takes a 
Z to Z. Hence this last result corresponds to the 5*0 (4) invariant of the two impurities. 

5.2 More than two impurities 

In this section we consider the addition of many impurities and compute their anomalous 
dimensions, up to first order in 1/J. For the most part we will limit our discussion to 
having only ui excitations. Hence, these will only be a subset of possible 5*0 (6) repre- 
sentations, namely, the real representations with 2L boxes in the SU (4) Young Tableaux. 
At the end of the section we will discuss the addition of a single U2 or impurity. 

Once we have more than two impurities, it is now possible to have complex ui rapidi- 
ties. In fact, this possibility is basically forced on us when we want to find BMN states 
where a particular oscillator appears more than once. In the BMN limit, the momenta of 
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the excitations should be small, and so the phases in the Bethe equations are small. But 
if two excitations have identical momenta, then the combination "^'^""^'^"'"^ which appears 
in the righthand side of the Bethe equations will have a large phase. 

The resolution of this problem is that Ui^i and Ui^2 get imaginary pieces such that 
= This way we can get a small phase so long as |ImMii| ^ 1. The individual 
momenta of the excitations are complex, but the combined momentum 

^1,2) = + P{ui,2) = -i log — - - t log — — - (5.12) 

Ull —1/2 U\-y — Ij I 

is real. Note further that the combined energy from these two excitations is 
e(Mi,i) + e(ui,2) = 4sm I — - — l+4sm I — - — l<8sm I 1 



(5.13) 



where there is an equality only if the individual momenta are real. Hence, this configu- 
ration corresponds to a bound state of two particles**, since the combined energy is less 
than twice the energy of a single particle with momentum p(mi 1, ui 2)/2. This can be 
generalized to many particles as well, where the individual momenta are complex, but 
their sum is real. So a BMN state with M oscillators at the same level would correspond 
to a bound state of M particles. 

Unfortunately, it does not seem possible to find exact generic solutions to the Bethe 
equations for more than two excitations. However, it is possible to at least find 1/J 
corrections in the BMN limit. If we have particles with small momenta, then the values 
of Ui j are large. From the Bethe equations, we see to leading order that these are 



where kn is an integer. Allowing for bound states, let us group the various excitations as 

/i!") = ^(L + zL^/Vf ) + 5j")) + 0(L-V2). 



fil^\ where 



We assume that kn km if n m and the index i sums over the M„ particles making 
up the bound state at We can now expand the Bethe equations in (j4.36p . (j4.37j) in 
powers of 1/\/L. Solving for the zeroth order term in the expansion gives integer kn- 

**If the momentum were of order 1, then the separation between ui 1 and Wi_2 would be close to i. In 
the literature, these botmd states are called "strings" , but we will stick to calling them bound states for 
obvious reasons. 
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Next solving for the L term in the expansion gives the equation 



(n) 



E (n)' w (5-16) 



(n) (n) • 



It turns out that we don't need to exphcitly know the u^^^'^ when computing the anomalous 
dimension to this order, but let us consider solutions of (j5.16p for a few different values 
of Mn anyway. If M„ = 2, then we have that z/j"^ = —uff^ = 1. If M„ = 3, then 
= —u^^ = Vs and z/g"'' = 0. Finally, let us consider the case where M„ ^ 1, then we 
can describe the distribution of z/("^'s by a continuous density and may approximate the 
sum by an integral 



v = P dv' ' ^ ' (5.17) 

which is Wigner's equation for the eigenvalues of a large Hermitian matrix model with 
a Gaussian potential. Standard techniques give 

p(")(zy) = —^a^- y2 a = 2^fM'n. (5.18) 

Notice that if M„ ~ L, then the maximum value of z/f"^ ~ and so the ansatz in ()5.15j) 
breaks down. 

Next solving for the term in the expansion of the Bethe equations leads to the 
equation 

Sf + (^r ? + 2 , U 0.)w + 2 E ^^-F^ = »■ (5-19) 

To solve this equation, we make the ansatz that 

= cn{y't^? + h^. (5.20) 

Substituting this back into ()5.19p and making use of ()5.16|) we find that 

1 

Cn - -- 

bn = =-|(Mn-l)-2j]^^, (5.21) 



k — h 



and so 



= -k^t^r - |(M. - 1) - 2 J] (5.22) 
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Let us now place these results into the energies in ()4.42|) and fl4.41|) . Up to and 
including corrections of order we can approximate these as 



(5.23) 



Hence, the energy coming from a single bound state is 



E 



i=l 



2TTkr, 



1 - 1^.'"' - 



2'Kkr. 



1 



LM„ + -M„(M„-l)+4^ 



Using ()5.16p . we have that 



5^(z.f"V = M„(M„-l). 



(5.24) 



(5.25) 



Putting this back in ()5.24|) we find 



2Txk„ \ M, 



L-{Mn-l)+Aj2 



M k 
T- — h 



(5.26) 



The negative term inside ()5.26p is basically the contribution of the binding energy, where 
the binding energy is present if M„ > 1. The last term in ()5.2(j|l comes from interactions 
among the different bound states. 

The anomalous dimension is then found by adding up the e*^"-*, giving 



L-(M„-l)+45^ 



h — h 



+ 0(L- 



The trace condition in ()5.ip requires that 

^M„A;„ = 0. 



(5.27) 



(5.2^ 



We can then use this to reduce ()5.27j) to 

A 



7 



2L3 



J2MnkliL + Mn + l) + 0{L-^). 



(5.29) 
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Since we have added rii impurities, L = J + ni. Writing 7 in terms of J we find 

7 = ^5^ MnkliJ - 2n, + M„ + 1) + 0{J~^). (5.30) 

n 

Let us now add a single U2 and/or a single us impurity to the mix. We have not yet 
found an explicit formula analagous to (j5.27p for a generic number of these impurities. 
With only one each of these impurities, the Bethe equations lead to 

1=1 ' 

and an identical equation for u^. Hence, U2 and can be determined in terms of ui^i by 
solving an order rii polynomial equation. This can be solved if rti is small, but in general 
the equation appears complicated. However, it is easy to see using the trace condition in 
(|5.1|) that M2 = and M3 = are always solutions to the equations. 

If we only have one of the impurities, with its value set to 0, then we see that the 
Bethe equation in ()4.36|) is identical to the equation with no impurities, except that L is 
replaced with L + 1. So if the exact solution could be found for the case with only ui 
impurities, then the solution would be known for this C3iSG clS well. Likewise, if we have 
both a U2 = and a U3 = impurity, then we should replace L by L + 2. 



6 Large excitations 

Ultimately, we would like to solve string theory for the full AdS^ x 5*5 and not just for 
the plane wave limit. Then one could compare the anomalous dimensions of all gauge 
invariant operators. Likewise, one would need to actually compute the dimensions of these 
operators in the field theory. So far, we have been restricting ourselves to large i?-charge, 
where we are limited to finding 1/J corrections to BMN operators. We can think of this 
as the dilute gas limit 

Remarkably, the Bethe ansatz equations can be used to ascertain information about 
operators outside the BMN regime of validity. For example, one might ask what is the 
largest possible anomalous dimension for an operator (made up of scalars only) with 
engineering dimension L. This should be an 5*0(6) singlet. It turns out that this is 
solvable in the large L limit with a solution similar to that of the ground state 
of the Heisenberg anti-ferromagnet. Of course the ground state of the Heisenberg anti- 
ferromagnet also corresponds to a particular 5*0(6) representation. 
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We now review the solution in [lo] and then use the result to find the anomalous 
dimension. To find the solution, we assume a large number of excitations of all impurity 
types. To maximize the energy, we should take the maximal number of impurities such 
that the solutions to the Bethe equations are all real. If we take the log of (|4.36p and 
fl4.37|) . we find the equations 

Mi2uij) = JTT + - Uij) - ^^9(2(Mi,i - U2,j)) - ^i9(2(Mi,i - U3,j)) 

= j7r + ^?9(n3,.-n3,,)-^r?(2(M3,.-Mi,,)) (6.1) 

where 

-di^u) = arctan(M). (6.2) 

Since the wave functions would be zero if ui^i = uij with i j, the various roots are 
pushed onto different branches of the arctangent. 

If L is very large, then we can replace j/L by a continuous variable x and the Bethe 
roots by Ui{x), U2{x) and Usi^x). By symmetry, we expect the distribution of U2,i and u^^i 
to be identical, hence we set U2{x) = u^lx). The equations in ()6.1|) now become 



i9{2ui{x)) = Tlx + j dy^{ui{x) - uiiy)) - 2 j dy^{2{ui{x) - U2{y)) 

= 7rx+ I dy(}{u2{x) - U2{y)) - j dyd{2{u2{x) - Ui{y)). (6.3) 



We now take derivatives with respect to ui{x) and ^2(3;), which gives us 



= 7rp2iu) + I " du'^^^ 2 r du' , ^^^^2 , (6.4) 



where the p\{u) and P2{u) are the root densities 

dx 



du\{x) 



dx 



= 3 — TT P2(m) = -, — • (6-5) 



u\{x')=u dU2(x 



U2{x)=u 



To verify that this root configuration is the 5*0(6) singlet, we can take the large u 
limit of ()6.4p and assume that pi{u) and p2{u) fall off faster than u"^ as m ^ 00. This 
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shows that 

/•CXJ 

du'pi{u') = 1 / du'pliu') = 1/2, (6.6) 



which means that there are L ui impurities and L/2 ^2 and impurities, precisely what 
is needed to take the large J state to the singlet. 

We can solve for pi{u) and P2{u) in ()6.4|) by Fourier transforming. Defining 

Pi{k) = J duexp{iku)pi{u) l>2{k) = J duexp(iku)p2{u), (6.7) 

it is straightforward to show that the solutions of ()6.4|) are 

_ , cosh(A;/2) ~ /, x 1 , , 

Transforming back gives us 

cosh(M7r/2) 1 
V2cosh(M7r) 4cosh(u7r/2) 

The anomalous dimension can now be computed and is 

7 = = r du^l^ = Al(- + 1-2) . (6.10) 

Not surprisingly, the anomalous dimension is extensive: it depends linearly on L. 
However, recall that in the BMN limit, we saw that two impurities with the same real 
momentum had to have their roots split off from the real line. Hence if all the roots 
are real, each ui impurity has to correspond to a string oscillator with a different level 
number. Since there are L such impurities and since they are equally distributed between 
left and right oscillators, we find that the total level itot is 

L/2 

itot = Y.^-^y^- (6-11) 
Therefore, we see that the full dimension of the operator has the behavior 



A = L + 7 



Hot 



the same square root dependence on the level that is generic for small a' in string theory 
0- Of course, small a' corresponds to strong coupling where the dimension of the operator 
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had a (A)^/^ dependence. In any event, ()6.12p suggests that the square root dependence 
of the level is generic, even at weak coupling. Note that corrections coming from higher 
orders in perturbation theory should also give contributions to the dimension which are 
linear in L, since the large N expansion essentially localizes the interactions to nearby 
neighbors. 

Although the level square root dependence appears to be generic, the actual A de- 
pendence depends on the operator under consideration. For example, let us consider the 
operator whose SU{4) Young tableau is shown in figure IHl The corresponding Bethe state 



L/2 L/2 

Figure 2: Young tableau corresponding to the antiferromagnet configuration 



has L/2 ui excitatations and no U2 and M3 excitations. We then have the first equation in 
(16. 4|) but with P2{u) = 0. This is same equation found for the anti-ferromagnetic Heisen- 
berg spin chain. Its solution is well known (e.g. see [SE])- The anomalous dimension is 

7 = = r du^^ = -^L\n2. (6.13) 

The anomalous dimension is smaller than in ()6.1()j) . but so is the level, since there are 
only L/2 excitations. For this particular state, we see that the full dimension is 

A = L + 7 = y4;^4y2 + ^ln2j +0(A2). (6.14) 

Thus, this has the level square root dependence, but the A dependence is different than 
that in (IfTT^ . 

One can also consider "excitations" |?SllS7j away from this SO (6) singlet by including 
"holes" in the integers appearing in ()6.1|) . The inclusions of these holes modifies the 
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equations in ()6.4|) to 



- " [u) + TV 2^o[u — uij) + / an 

— 1 J —oo 



oo 



-2 1 + P^i-')) 



A{u-u'y + i 

/ P2{U) 



roc 

= 7rp2{u) + 7r'^^S{u — U2j) + / du 

.•1 J —oo 



oo V«-W0' + 1 



r'OO 

-2 / du' 



oo 



A{u - u'Y + 1 



oo 



oo 

oo 



(m - m') + 1 

^i^^JL, (6.15) 

where refers to the number of holes of type i and the positions of the holes. 

Assuming that rii « the corrections from the 5-functions to the densities are additive, 
so we can consider them individually. It is convenient to write the densities as 

Pi{u) = Pi\u) + '^(yi{u) p2{u) = {u) + ^a2{u) P3(m) = p^°)(u) + ^(J3(m) 

(6.16) 

where pf^ are the densities with no holes present. 
For a hole of type 1 at position ui, we can write 

ai{u) = a\{u — ui) a2{u) = a\{u — ui) a3{u) = a\{u — ui). (6.17) 

The equations in ()6.15|1 become 

= 7raJ(w) + 7:5{u) + H du'-^^^^ - 4 H du' - ''^'^'''^ 



u - u'Y + 1 4(m - u'Y + 1 



= iraliu) / du- ^ -2 / du' 



oo 



u - u'y + 1 7_oo 4(u - u'y + 1 



(6.18) 

where we have used the symmetry of the configuration to set crl{u) = crl{u). The equations 
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in ()6.18p are easily solved, giving 



a}(u) = - I —e 



rfA;^_.,„e"l'^l/2cosh(A;/2) 



27r cosh(A;) 
. -/|e-^. (6.19) 



The change in the energy is 

eiu,) = £ du^^p^ = -2.pf\u,l (6.20) 

where pf'\u) is the solution in (j6.9|) . 

To find the momentum of the hole, we can integrate e{ui) with respect to ui, giving 

p{ui) = n — 2 arctan ^\/2 sinh • (6.21) 

Notice that Lp{ui)/{2tt) is the change in the level coming from the introduction of the 
hole, which can be easily deduced by looking at ()6.1|) . ()6.4|) and ()6.20|) . It is also possible 
to express e in terms of p, where we find 



e{p) = -TT sin (^0 W 1 + sin^ (^0 < p < 2n. (6.22) 



and so the change in the anomalous dimension is 

A 



In order to understand the nature of these holes, notice that 

J dual{u) = 1, J dual{u) = J dual{u) = -. (6.24) 

Hence, we need an even number of these types of holes^^. We also see that the highest 
weight of each hole is w = di + |(a2 + 03) which is the highest weight of the SO (6) vector 
representation. Hence these holes come with a vector index. 

t^We can have an odd number, but we need to add another lattice site. 
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Next consider a type 2 hole. Proceeding as before, we find that 



(t;(m) = - / — e"*''" 



2vr 1 + e-2|fc| 
dk _,,„ 1 + e-l'^l + e-2lfc| 



271 (1 + e-l^l)(l + e-2|'=l) 
aliu) = - I —e-'"^- — . (6.25) 



The energy of this type of hole is 

e{u,) = I du '^^'^ll = -2npf{u,), (6.26) 

where pf\u2) is the density in ()6.9|) . Integrating e, we find that the momentum is 

p{u2) = 71-2 arctan(e™/2), (6.27) 
and so the energy of this type of hole in terms of p is 

71 

e[p) = — — sinp < j9 < TT. (6.28) 

Hence these holes occupy only half of a Brillouin zone. We also have that 

If 3 f 1 

dua'^{u) = -, / dua^iu) = - / dncr|(n) = -, (6.29) 

thus the highest weight of each type 2 hole is w = + |a2 + jCts which is the highest 
weight of one of the spinor representations. 

The argument for type 3 holes is the same as for type 2. The highest weight of each 
type 3 hole is w = |ai + + fas, hence each of these type holes is in the other spinor 
representation. Since the two spinor representations are complex conjugates, we choose 
the energies of the type 3 holes to be 

77 

e{p) = +— sinp 7!- < p < 27V. (6.30) 

The trace condition forces the total momentum of the holes to be zero mod 27c. We 

can also see from (j6.29p that every type 2 hole has to either come with three other type 

2 holes, or a type 3 hole. The same is true for type 3 holes. These conditions tell us that 

we cannot have individual spinor excitations, since the chain itself is made up of 5*0(6) 

vectors. Instead the representations have to combine to form an adjoint rep, or another 

representation that is trivial under the SO (6) center. W 

Wlf L is odd, then the excitations combine to form a vector representation, or another representation 
which has the same action under the center of S0{6). 
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7 Conclusions 



In this paper we constructed a mixing operator for anomalous dimensions and showed 
that it was related to the Hamiltonian of an integrable 5*0(6) chain. We then used the 
Bethe ansatz to find the anomalous dimensions of many operators, including those that 
were outside the BMN limit. We also demonstrated that these non-BMN operators have 
anomalous dimensions that depend on the square root of the level, a result also found at 
strong coupling. 

There are many other operators where it is hoped that the Bethe ansatz will allow one 
to compute anomalous dimensions. These include the operators that correspond to large 
wound strings oscillating on the 5*^. A prediction was made for the anomalous dimensions 
based on a semiclassical analysis inO], and it would be nice to explicitly verify this. 

It would also be nice if one could somehow relate the higher loop corrections to in- 
tegrable Hamiltonians. One possibility is that the higher loop corrections correspond to 
the higher Hamiltonians in the heirarchy of the same spin chain. On one level, this seems 
reasonable. In the large N limit, one would expect the g loop corrections to the anomalous 
dimensions to involve mixing between g + 1 nearest neighbors, which is precisely what is 
found in the g^^ Hamiltonian in the heirarchy. However, this idea does not appear to work. 
For example, the two-loop analysis as done in [TT] shows that the two-loop anomalous 
dimension matrix should have operators of the form 

L 

^^(-P/,/+l-P«+l,«+2 + -P/+l,/+2-P/,/+l)- (7.1) 
I 

But the next Hamiltonian in the hierarchy of a Heisenberg system has the form 

L 

^^(^-P«,«+i-P/+i,/+2 — iPi+i,i+2Pi,i+i)- (7.2) 

That this idea does not work is perhaps not too surprising. If the higher Hamilto- 
nians of the hierarchy were indeed related to anomalous dimensions at higher orders of 
perturbation theory, then the mixing matrix could have been diagonalized by a unitary 
transformation which is independent of the coupling — a rather exceptional property. In 
any event, one can now ask what role the higher hamiltonians play on the gauge theory 
side. 

Acknowledgments: We are grateful to A. Tseytlin and P. Wiegmann for discussions. 
K.Z. would like to thank the Erwin Schrodinger Institute and J. A.M. would like to thank 



31 



the CTP at MIT for hospitality provided during the course of this work. This research was 
supported in part by the Swedish Research Council. The work of K.Z. was also supported 
in part by RFBR grant 01-01-00549 and in part by grant 00-15-96557 for the promotion 
of scientific schools. 

References 

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 
1113 (1999)] |arXiv:hep-th/9711200 . 

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) 
I arX iv:hep-th/9802109 | . 

[3] E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) |a rXiv:hep-th/9802150| . 

[4] D. Berenstein, J. M. Maldacena and H. Nastase, JHEP 0204, 013 (2002) 
I arXiv:hep-th /020202 1 1 . 

[5] M. Blau, J. Figueroa-O'Farrill and G. Papadopoulos, Class. Quant. Grav. 19, 4753 
(2002) arXiv:hep-th/0202111^ . 

[6] M. Blau, J. Figueroa-O'Farrill, C. Hull, G. Papadopoulos, Class. Quant. Grav. 19, 
L87 (2002) | arXiv:hep-th/020108ll . 

[7] M. Blau, J. Figueroa-O'Farrill, C. Hull, G. Papadopoulos, JHEP 0201, 047 (2002) 
[arXiv:hep-th/0110242j . 

[8] R. R. Metsaev, Nucl. Phys. B 625, 70 (2002) |arXiv:hep-th/ 0112044|. 

[9] R. R. Metsaev and A. A. Tseytlin, Phys. Rev. D 65, 126004 (2002) 
[arXiv:hep-th/0202109j . 

[10] R. Giles and C. B. Thorn, Phys. Rev. D 16, 366 (1977). 

[11] D. J. Gross, A. Mikhailov and R. Roiban, Annals Phys. 301, 31 (2002) 
| arXiv:hep-th/0205066j . 

[12] A. Santambrogio and D. Zanon, Phys. Lett. B 545, 425 (2002) 
I arXiv:hep-th/0 206079i . 



32 



[13] C. Kristjansen, J. Pleflca, G. W. Semenoff and M. Staudacher, Nucl. Phys. B 643, 3 



(2002) |arXiv:hep-th/0205033|. 



[14 

[is; 

[16 
[17 

[is; 

[19 

[2o; 

[21 
[22 
[23 
[24 

[25; 
[26; 
[27; 

[28; 
[29 



D. Berenstein and H. Nastase, JarXiv : hep-th / 02 05 048 



N. R. Constable, D. Z. Freedman, M. Headrick, S. Minwalla, L. Motl, A. Postnikov 



and W. Skiba, JHEP 0207, 017 (2002) |arXiv:hep-th/0205089| . 
U. Gursoy, |arXiv:hep-th/0208041[ 

C. S. Chu, V. V. Khoze, M. Petrini, R. Russo and A. Tanzini, | arXiv:hep -th/0208148| 

M. Spradlin and A. Volovich, Phys. Rev. D 66, 086004 (2002) 
[arXiv:hep-th/0204146j . 

R. Gopakumar, |arXiv:hep- th/0205174| 



Y. j. Kiem, Y. b. Kim, S. m. Lee and J. m. Park, jarXiv:hep-th/0205279 



M. X. Huang, Phys. Lett. B 542, 255 (2002) | arX iv:hep-th /'0'205'3TT| . 
P. Lee, S. Moriyama and J. w. Park, ^arXiv:hep-th/0206065[ 
M. Spradhn and A. Volovich, |arXiv:hep-t h/0206073| 

I. R. Klebanov, M. Spradlin and A. Volovich, Phys. Lett. B 548, 111 (2002) 
[arXiv:hep-th/0206221j . 

M. Bianchi, B. Eden, G. Rossi and Y. S. Stanev, 'arXiv:hei>th /0205321[ 
H. Verhnde, ,arXiv:hep-th/0206059l 

N. Beisert, C. Kristjansen, J. Plefka, G. W. Semenoff and M. Staudacher, 



|arXiv:hep-th/0208178 



D.J. Gross, A. Mikhailov and R. Roiban, arXiv:hep-th/0208231 

N. R. Constable, D. Z. Freedman, M. Headrick and S. Minwalla, JHEP 0210, 068 
(2002) arXiv:hep-th/0209002|. 



[30] D. Vaman and H. Verhnde, arXiv:hep-th/0209215l 



33 



[31] J. Pearson, M. Spradlin, D. Vaman, H. Verlinde and A. Volovich, 



|arXiv:hep-th/0210102 

[32 



[33; 
[34 
[35; 
[36 

[37; 

[38; 

[39 

[4o; 

[41 

[42; 
[43; 
[44; 
[45; 
[46; 

[47 
[49; 



J. Gomis, S. Moriyama and J. w. Park, arXiv:hep-th/0210153 



Y. H. He, J. H. Schwarz, M. Spradlin and A. Volovich, |arXiv:hep-th/0211198 



R. Roiban, M. Spradlin and A. Volovich, |arXiv:hep-th/0211220 



U. Gursoy, arXiv:hep-th/0212118| 



S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Nucl. Phys. B 636, 99 (2002) 
[arXiv:hep-th/0204051i . 

H. Bethe, Z. Phys. 71, 205 (1931). 

L. D. Faddeev and L. A. Takhtajan, J. Sov. Math. 24, 241 (1984) [Zap. Nauchn. 
Semin. 109, 134 (1981)]. 

N. y. Reshetikhin, Lett. Math. Phys. 7, 205 (1983). 

N. Y. Reshetikhin, Theor. Math. Phys. 63, 555 (1985) [Teor. Mat. Fiz. 63, 347 
(1985)]. 



N. Beisert, |arXiv:hep-th/Q211032 



S. Frolov and A. A. Tseytlin, JHEP 0206, 007 (2002) |arXiv:hep-th/0204226| . 
J.H. Schwarz, talk at Strings 2002. 

A. Parnachev and A. V. Ryzhov, JHEP 0210, 066 (2002) |a rXiv:hep-th/0208010j . 
N. Y. Reshetikhin, Nucl. Phys. B 251 (1985) 565. 
J. Maldacena and L. Maoz, ,arXiv:hep-th/020728l| 

J. G. Russo and A. A. Tseytlin, JHEP 0209, 035 (2002) |arXiv:hep- th/0208114]. 
I. Bakas and J. Sonnenschein, arXiv:hep-th/0211257| 



L. N. Lipatov, JETP Lett. 59, 596 (1994) [Pisma Zh. Eksp. Teor. Fiz. 59, 571 (1994)] 
|arX iv:hep-th/9311037i . 

34 



[50] L. D. Faddeev and G. P. Korchemsky, Phys. Lett. B 342, 311 (1995) 
|arXiv:hep-th/9404173|. 



[51 

[52; 

[53 

[54 

[55 
[56; 
[57; 

[58; 
[59; 

[60 



G. P. Korchemsky, Nucl. Phys. B 443, 255 (1995) |arXiv:hep-ph/9501232 



V. M. Braun, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, NucL Phys. 
B 553, 355 (1999) | arXiv:hep- ph/9902375|. 

A. Gorsky, I. I. Kogan and G. Korchemsky, JHEP 0205, 053 (2002) 
[arXiv:hep-th/0204183j . 

J. K. Erickson, G. W. Semenoff and K. Zarembo, Nucl. Phys. B 582, 155 (2000) 
I arXiv:hep-th/0003055 1 . 

D. Anselmi, NucL Phys. B 541, 369 (1999) |arXiv:hep-th/9809192| . 
L. D. Faddeev, |a^iv:hep-th/9605187[ 

H. J. de Vega and M. Karowski, NucL Phys. B 280, 225 (1987). 

M. J. Martins and P. B. Ramos, NucL Phys. B 500, 579 (1997) 
|arX iv:hep-t h/9703023|. 

E. Ogievetsky and P. Wiegmann, Phys. Lett. B 168, 360 (1986). 
J. A. Minahan, |arXiv:hep-t h/0209047[ 



35 



